
Switching to use Prof. Ric Huang’s 
slides (with my updates, including 
Prof. Jiang’s, Prof. Keutzer’s and 
Nowick’s teaching)

Thanks to all the professors 
contributing to this synthesis area!!
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Types of synthesis –
from behavioral to 
structural
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Variable (A,B,C,D,Y) are 
assigned to registers

MUX is needed

Logic gates 
can have 
various sizes 
for strengths
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Need to find equ. cells from library 
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Sum of products



a * c

a + (b * c) = (a + b) * (a + c)

b * c



Product of    1  0  1





These two 
functions 
are same
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Binary-Decision Diagram (BDD) Principles
• Restriction resulting in the positive and negative cofactors of 

a Boolean function:

• f = x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3

fx1 = x2 x3 + x2 x3 + x2 x3

fx1 = x2 x3 + x2 x3 + x2 x3

• Shannon expansion (already known to Boole) states:

• A complete expansion can be obtained by successively 
applying Shannon expansion on all variables of a function 
until either of the constant functions ’0’ or ’1’ are reached.

Restriction
means the 
substitution of 
a constant 
value for one of 
the variables





F= ab’+a’b

F = a

F = ab



https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
About BDD (46 pages)

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
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Example Ordered Binary-Decision Diagram (OBDD)

• The complete Shannon expansion can be visualized as a tree (solid
lines correspond to the positive cofactors and dashed lines to 
negative cofactors).

f = x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3

From its truth table (or logic function) 
and a variable ordering, we get this 
tree; then, we reduce it
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Reduction Example



Logic Synthesis (by Gary Hachtel, Fabio Somenzi)
(page 245)

As we shall see, BDDs have two 
remarkable properties. 

First, they are canonical, so if you 
correctly build the BDDs for two circuits, 
the two circuits are equivalent if and only 
if the BDDs are identical. This has led to 
significant breakthroughs in circuit 
optimization, testing, and equivalence 
checking. 

Second, BDDs are amazingly effective at 
representing combinatorially large sets

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
About BDD (46 pages)

S= x1’X2 + x1’x2’x3’ +x1x2’

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf


How to Build The BDD? An Example 

• BDDS can be built from recursive use of Boole’s expansion theorem

under the variable ordering:

the cofactors of with 
respect to b: 

cofactors of and 
with respect to c:

d

1

a
T

T

Logic Synthesis (by Gary Hachtel, Fabio Somenzi) (page 249, Section 6.1.3)



Reduction 







Ordering Is Important



Variable ordering matters

a<b<c<d a<d<b<c b<c<a<d



https://davidkebo.com/cudd?fbclid=IwAR15HjgUfWraRYOhKfB
9kn09k8cTWKAiVVsoABZ46TFalEEfRiAq0AC5X6o

Good CUDD tutorial (worthwhile)

https://davidkebo.com/cudd?fbclid=IwAR15HjgUfWraRYOhKfB9kn09k8cTWKAiVVsoABZ46TFalEEfRiAq0AC5X6o


















To find an ordering that 
results in the smallest 
ROBDD, unfortunately, 
this is an intractable 
problem (the problem 
is co-NP-complete to be 
precise







Size Reduction Of An OBDD To ROBDD 





Project

• Bringing up CUDD and play around a few Boolean equations



Only 3 variables 
can be 1



Currently 4 
product terms. 
Can we do 
better? (finding 
minimal cover)













Quine-McCluskey 
Algorithm:
- Get all prime implicants
- Find minimal cover of all 

minterms
- Construct covering 

matrix
- Detecting essential 

columns, row and 
column dominance 



It has one cube less which gives a cost of 6 (due to 3 product terms with 2 variables). 
The existence of two solutions shows that an irredundant prime cover is not 
necessarily a globally optimal solution. 



A combinatorial optimization problem



S1=x1+x2+x6
S2=x1+x4+x5+x6
S3=x2+x3+x5
S4=x2+x4+x6

C3=1
C6=3
Optimal cost = 4

C1=2
C2=3
C1+C2=5
C3=1

(page 221 (233 of pdf))Product of sums



K3 is essential, since s4 has only 1.
Take K3 out (since it is a must) 
→ s4 and s6 are covered

S2 is covered by 
K1, K2; both 
covers s3
(row dominance)

Column dominance

Page 236 (pdf)







Quine-McCluskey Exercises

https://www.tutorialspoint.com/digital_circuits/digital_circuits_quine_mccluskey_tabular_method.htm

https://atozmath.com/example/KMap.aspx?he=e&q=quine

https://www.youtube.com/watch?v=l1jgq0R5EwQ

http://www.cs.columbia.edu/~cs6861/handouts/quine-mccluskey-handout.pdf

(Worthwhile. This one is better. We are using this.)

https://zh.wikipedia.org/zh-
tw/%E5%A5%8E%E5%9B%A0%EF%BC%8D%E9%BA%A6%E5%85%8B%E6%8B%89%E6%96%AF%E5%9F%BA%E7%AE%97%E6%B3%95

https://www.youtube.com/watch?v=6JzBPVr7yCM (by Prof.王俊堯)

https://www.tutorialspoint.com/digital_circuits/digital_circuits_quine_mccluskey_tabular_method.htm
https://atozmath.com/example/KMap.aspx?he=e&q=quine
https://www.youtube.com/watch?v=l1jgq0R5EwQ
http://www.cs.columbia.edu/~cs6861/handouts/quine-mccluskey-handout.pdf
https://zh.wikipedia.org/zh-tw/%E5%A5%8E%E5%9B%A0%EF%BC%8D%E9%BA%A6%E5%85%8B%E6%8B%89%E6%96%AF%E5%9F%BA%E7%AE%97%E6%B3%95
https://www.youtube.com/watch?v=6JzBPVr7yCM


: essential (looking for a row with only one X; 
Then, that column (prime implicant) is needed.

Column dominance

From Prof. Nowick’s handout

0000
0100

1011

1101

F=A’C’D’ + ACD + BC’D



Any prime implicant which contains row 2 also contains row 3.
Any prime implicant which contains row 7 also contains row 3.
Row 3 row dominates.
The reverse of column dominance: we cross out the dominating 
(larger) row. (As long as we cover row 2, we cover 3)
Every product which covers row-2 also covers row-3. If some 
product covers row-2, row-3 is guaranteed to be covered.
After crossing out row-3, row-1 dominates row-5.

0011



F = A’D + A’C



F(A, B, C, D) = Σm(0, 2, 5, 6, 7, 8, 10, 12, 13, 14, 15)

Step 1: Generate 
Prime Implicants

distinguished row

Column: B’D’, BD are essential prime implicant;
Then, cross out the rows with X in these two columns 

3 1’s



(ii) Row Dominance:
Row 14 dominates both row 6 and row 12.
row 14 can be crossed out

Such columns are said to co-dominate each other.
dominated column is crossed out.

the minimum-cost solution consists 
of the primary and secondary 
essential prime implicants



• Welcome to go through example #2, #3

• Pondering how this kind of algorithms is implemented?
• GitHub has some programs 



More Examples
• Welcome to go through example #2, #3

• Generate prime implicants

No primary essential prime 
implicants, i.e., no row of 
single minterm. Each row is 
covered by at least 2 products. 
No column dominance.



Row 2 dominates 3
Row 4 dominates 5
6 dominates 7,
8 dominates 9, 
10 dominates 11
12 dominates 13

Remove dominating rows



Product A’D’ is a 
secondary 
essential prime 
implicant; it is 
removed from 
the table



The remaining covering problem is called a 
cyclic covering problem. A solution can be 
obtained using one of two methods: (i) Petrick’s
method or (ii) the branching method. 



Quick Overview Of Petrick’s Method

• To cover row-3, we need (P1+P2)

• To cover row-7, we need (P1+P3)

• The covering requirements can be captured 
by the Boolean equation:

Using Boolean expression

• p1=A’C,  p2=B’C, p3=A’B, p4=BC’, p5=AB’, p6=AC’ 

• Boolean variable P1 is true, when prime implicant 
p1 (lower-case p1) is included in the solution.

• P1 is called Boolean proposition (true/false). P1=1 
means “I select prime implicant p1 in the cover.”



• Looking for the product terms with minimum # of P variables

• There are: P1P4P5 and P2P3P6

• Both solutions have a minimal number of prime implicants, so either 
can be used; then, add essential one A’D’ to get

p1=A’C,  p2=B’C, p3=A’B, p4=BC’, p5=AB’, p6=AC’ 



https://github.com/classabbya
mp/espresso-logic

A modern (2017) 
compilable re-host of 
the Espresso heuristic 
logic minimizer.
The original source code 
comes from the University 

of California, Berkeley.

https://github.com/classabbyamp/espresso-logic
https://en.wikipedia.org/wiki/Espresso_heuristic_logic_minimizer
https://embedded.eecs.berkeley.edu/pubs/downloads/espresso/index.htm






So Far We Had Covered

• Brief domain translation

• Binary decision tree → Binary decision diagram BDD (Reduced)
• CUDD → welcome to provide more logic equations and vary variable ordering

• Two-level logic optimization (Quine-McClusky)
• Essential, column dominance, row dominance, Petrick’s Boolean Proposition 



Technology-Independent Logic Optimization

• Two-level: minimize the # of product terms.
•

• Multi-level: minimize the #'s of literals, variables.
• E.g., equations are optimized using a smaller number of literals.

• Methods/CAD tools: The Quine-McCluskey method (exponential-
time exact algorithm),  Espresso (heuristics for two-level logic), MIS
(heuristics for multi-level logic),  Synopsys, etc.

https://en.wikipedia.org/wiki/Espresso_heuristic_logic_minimizer

https://en.wikipedia.org/wiki/Espresso_heuristic_logic_minimizer




https://people.eecs.berkeley.edu/~alanmi/abc/

A System for Sequential Synthesis and Verification

Berkeley Logic Synthesis and Verification Group

https://people.eecs.berkeley.edu/~alanmi/abc/


Chap. 6.4 
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These are called 
pattern graph



Circuit is called 
subject graph





Ok to be 
duplicated





How to obtain this?





The optimization problem of technology mapping can now be stated as: 
Find a minimum cost covering of the subject DAG by the pattern DAGs









Dynamic programming







Rule ordering 
matters





=3+2+6

=3+3

11 is from ND2(11)
2 is from cost-INV(2)

3 is from ND2(3)
4 is cost-AOI21(4)

How to know the 
circuit circled is 
same as circuit at 
the left? 

Pattern matching starts 
from primary inputs; and 
follows topological order





X marks 
partition point



Boolean matching is the problem of determining whether two Boolean 
functions are functionally equivalent under the permutation and 
negation of inputs and outputs.
https://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=263624
https://web.eecs.umich.edu/~imarkov/pubs/book/lsynth-match.pdf

From Professor Jie-Hong Roland Jiang:
BDD and/or SAT are often applied to check circuit equivalence, assuming that the 
input correspondence between the two circuits under checking is known. In 
technology mapping, in general, we don't know the input correspondence between 
the two circuits under comparison. In this case, we need to perform the so-called 
"Boolean matching" to test if the two circuits are equivalent up to input permutation 
and/or input/output negation). We call such equivalence as "P-equivalence," 
i.e., equivalent up to input permutation; "NP-equivalence," i.e., equivalent up to 
input negation and input permutation; or "NPN-equivalence," i.e., equivalent up to 
input negation, input permutation, and output negation. Indeed, BDD and SAT can 
be used for the computation, but require many more iterations of comparison.

http://cc.ee.ntu.edu.tw/~jhjiang/instruction/courses/fall10-lsv/lec07_4p.pdf

https://web.eecs.umich.edu/~imarkov/pubs/book/lsynth-match.pdf
https://web.eecs.umich.edu/~imarkov/pubs/book/lsynth-match.pdf
http://cc.ee.ntu.edu.tw/~jhjiang/instruction/courses/fall10-lsv/lec07_4p.pdf


• Let’s use what Prof. Keutzer taught at Berkeley 7-1-techmap.pdf

Thank Prof. Keutzer
and S. Devadas

file:///C:/Users/USER/Documents/0work/other_schools/UC_Berkeley/EECS244_CAD/7-1-techmap.pdf
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a: action Succ: 
successor after 
taking action a
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Tree Covering

1. Partition subject graph into forest of trees
2. Cover each tree optimally using dynamic programming

◼ Given:
 Subject trees (networks to be mapped)
 Forest of patterns (gate library)

◼ For each node N of a subject tree
 Recursive Assumption: for all children of N, a best cost match (which 

implements the node) is known
 Compute cost of each pattern tree which matches at N,

Cost = SUM of best costs of implementing each
input of pattern plus the cost of the pattern

▪ Cost of a leaf of the tree is 0

 Choose least cost matching pattern for implementing N



Tree Covering
 Algorithm OPTIMAL_AREA_COVER(node) {

foreach input of node {

OPTIMAL_AREA_COVER(input);//satisfies recur. assumption

}

// Using these, find the best cover at node

node→area = INFINITY;

node→match = 0;

foreach match at node {

area = match→area;

foreach pin of match {

area = area + pin→area;

}

if (area < node→area) {

node→area = area;

node→match = match;
}

}

}





X’s marks 
partition point



Exercise to get the cost



Partition Affects Results

Trivial partition: Single-cone partition:



How Logic Functions Described For Pattern Graph

• From Liberty Timing Reference





Digital Timing Models

• CCS: composite current source

• ECSM: effective current source model

• NLDM: non-linear delay model

• Many corners (TypicalT, SlowS, FastF)

• On chip variation (OCV)

• Liberty variation format (LVF)





• Technology mapping for
• Area

• Timing

• FPGA

• Power

• But how about tech mapping for area first? Then, optimize for timing, 
for power? 
• Which way is better? 







Delay path 
shown in 
green





5-inputs LUTs

Very often we need 
to ensure two logic 
functions are same



Using 2 LUTs 





c

b

a

1

1

More specific to 
the architecture









P: performance
P: power
A: area





Let’s think about how the 
power cost is calculated



My Thought About Power Cost

• First, refer to the small signal model for MOSFET



AOI33

C-intrinsicC-input

INV

C-intrinsicC-input

GND

AOI33 f P totP

intrinsic 0.3526

INV

inputC 0.0514 0.179

totC 0.404 0.072316

INV

intrinsic 0.1029 0.179 0.018419 0.09074

NAND3

NAND2

NAND3

C-in

C-in

C-intrinsic

C-intrinsic

NAND3 f P totP

intrinsic 0.1768 0.109

NAND2

inputC 0.0747

totC 0.2515 0.027414

the other NAND3 + NAND2

0.027414

NAND2 f P

intrinsic 0.1421 0.179 0.025436 0.080263



https://www.youtube.com/watch?v=UdhWvg5mycY

CNBC罕見走進蘋果晶片測試實驗室，一睹由台積電代工的M3晶片，如何在蘋果加州實驗室進行
檢測？ … 以快轉在3:21和7:05左右參觀

But how about tech mapping for area first? Then, optimize for timing, for power? 
Which way is better? 

https://www.wsj.com/articles/the-chips-that-rebooted-the-mac-11650081649?mod=e2li

The Chips That Rebooted the Mac

Any thoughts about how to 
reduce power consumption? 

https://www.youtube.com/watch?v=UdhWvg5mycY
https://www.wsj.com/articles/the-chips-that-rebooted-the-mac-11650081649?mod=e2li


http://cc.ee.ntu.edu.tw/~jhjiang/instruction/courses/fall10-lsv/lec07_4p.pdf

Materials used by J-H 
Roland Jiang. Boolean 
matching needs it.

http://cc.ee.ntu.edu.tw/~jhjiang/instruction/courses/fall10-lsv/lec07_4p.pdf


Technology Mapping with Boolean Matching, Supergates and Choices



Technology Mapping with Boolean Matching, Supergates and Choices







Synopsys 
Design 
Compiler









Through Cells

Timing Library: 
many spice sims 
to be run





Digital Timing Models

• CCS: composite current source

• ECSM: effective current source model

• NLDM: non-linear delay model

• Many corners (TypicalT, SlowS, FastF)

• On chip variation (OCV)

• Liberty variation format (LVF)



Setup Time & Hold Time Check

Tck->q + Tprop + Tsetup - Tskew < Tperiod

Tck->q + Tprop > Thold + Tskew



Fanouts of K

Fanins of J





















More advanced way



Elmore Delay (For Wiring)



210

Wire Models
• Lumped circuit approximations for distributed RC lines: -

model (most popular), T-model, L-model. 

• -model: If no capacitive loads for C pin and D pin, 

A to B: AB = r1 (c1/2 + c2 + c3); 

B to C: BC = r2 (c2/2); 

B to D: BD = r3 (c3/2).

Unit 5E
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• Parasitic resistance and capacitance start to dominate delay in 
deep submicron wires.

• Resistor ri must charge all downstream capacitors.

• Elmore delay: Delay can be approximated as sum of sections: 
resistance  downstream capacitance.

• Delay (delta) grows as square of wire length.

Elmore Delay: Nonlinear Delay Model
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Wire Models
• Lumped circuit approximations for distributed RC lines: -

model (most popular), T-model, L-model. 

• -model: If no capacitive loads for C pin and D pin, 

A to B delay: AB = r1 (c1/2 + c2 + c3); 

B to C: BC = r2 (c2/2); 

B to D: BD = r3 (c3/2).



Unit 5E 213

Example Elmore Delay Computation
• 0.18 m technology.: unit resistance        = 0.075  /m;                                  

unit capacitance           = 0.118 fF/m.

• Assume CC = 2 fF, CD = 4 fF.

• BC = rBC (cBC / 2 + CC) = 0.075  150 (17.7/2 + 2) = 120 fs

•  BD = rBD (cBD / 2 + CD) = 0.075  200 (23.6/2 + 4) = 240 fs

•  AB = rAB (cAB/2 + CB) = 0.075  100 (11.8/2 + 17.7 + 2 + 23.6 
+ 4) = 400 fs

• Critical path delay:  AB +  BD = 640 fs.

B-to-C: wire length 150um
Cbc=150um*0.118=17.7



Summary So Far

• We covered BDD, Quine-McClusky logic minimization, technology 
mapping for standard cells, briefly on FPGA lookup table,

• Touched upon delay analysis

• Also briefly talked about timing optimization, low power 

• Very important area 


