Unit 1A: Computational Complexity

e Course contents:
— Computational complexity: time, space
— NP-completeness

— Algorithmic Paradigms
= Spanning tree, Steiner tree, Rectilinear spanning/steiner tree

= Search (exhaustive, branch-and-bound, breadth, depth, dynamic)
(supplemented with videos from Stanford Al courses)

= (welcome to study more about graph theory)

¢ Readings
— Chapters 3, 4,and 5
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e How to represent complexity — big O
® nis problem size

Unit 1A: Computational Complexity
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O: Upper Bounding Function

® Def: f(n)= O(g(n)) if 3 ¢ >0 and n, > 0 such that 0 < f(n) <cg(n) for all

n2n,.

— Examples: 2n?+ 3n = 0(n?), 2n?=0(n3), 3nlg n = O(n?)

® |ntuition: f(n) “<” g(n) when we ignore constant multiples and small

values of n.
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Big-O Notation

® How to show O (Big-Oh) relationships?

— fin) = O(g(n)) iff lim, _ T ¢ for some c > 0.
g(n)

® “An algorithm has worst-case running time O(f(n))”: there is
a constant c s.t. for every n big enough, every execution on
an input of size n takes at most cg(n) time.

i
¢ g(n)

fln)

- 1

Ho J(n)=0(g(n))
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Computational Complexity

® Computational complexity: an abstract measure of the time
and space necessary to execute an algorithm as function of
its “input size”.

® |nput size examples:
— sort n words of bounded length n
— theinputis the integer n lg n
— the input is the graph G(V, E) with |V| and | E|

® Time complexity is expressed in elementary computational
steps (e.g., an addition, multiplication, pointer indirection).

® Space Complexity is expressed in memory locations (e.g.
bits, bytes, words).
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Asymptotic Functions

® Polynomial-time complexity: O(n*), where n is the input size
and k is a constant.
® Example polynomial functions:
— 999: constant
— lg n: logarithmic
— 4/Nn: sublinear
— n:linear
— nlgn:loglinear
— n?%: quadratic
— n3: cubic
® Example non-polynomial functions
— 2", 3" exponential
— nl: factorial
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Running-time Comparison

e Assume 1000 MIPS (Yr: 200x), 1 instruction /operation

Time Big-Oh n=10 n =100 n=103 n =100
500 0(1) 5x10 7 sec | 5x 107 sec | 5x 107 sec | 5x 10~ 7 sec
3n On) |3x1078sec| 3x1077 sec | 3x107 0 sec | 0.003 sec
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Running-time Comparison

e Assume 1000 MIPS (Yr: 200x), 1 instruction /operation
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Time Big-Oh n=10 n =100 n=103 n =100
3n Om) |3x108sec| 3x107sec | 3x107 O sec| 0.003 sec
nlogn | O(nlogn) | 3 x 1078 sec | 2x 1077 sec | 3x 1070 sec 0.006 sec
n2 Om2) |1x1077sec| 1x1075sec | 0.001 sec 16.7 min
T 102T 104 T ~1000 sec

10



Running-time Comparison

e Assume 1000 MIPS (Yr: 200x), 1 instruction /operation
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Time Big-Oh n=10 n =100 n=103 n =100
century
nd O(n3) 1x 1079 sec 0.001 sec 1 sec 3 x 109 cent.
on o™ 1x 1070 sec | 3x 1017 cent. 00 oa
n=10% 10°

Result in Centuries:

1,000,000,000 s = 0.316887 ¢
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Running-time Comparison

e Assume 1000 MIPS (Yr: 200x), 1 instruction /operation

Time Big-Oh n=10 n =100 n=103 n =100
500 0Q) 5x10 " sec| 5x10~ 7 sec | 5x 107 sec | 5x 107 sec
3n Om) |3x10%sec| 3x10 7 sec | 3x10 O sec | 0.003 sec
nlogn | O(nlogn) | 3 x 1078 sec | 2x 1077 sec | 3x 1070 sec 0.006 sec
n? Om2) |[1x1077sec| 1x10"5sec | 0.001 sec 16.7 min
nd O(n3) 1x 1079 sec 0.001 sec 1 sec 3 x 109 cent.
on o™ 1x 1079 sec | 3x 1017 cent. 00 oa

n! O(nh) 0.003 sec 00 00 00
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Optimization Problems

® Problem: a general class, e.g., “the shortest-path problem for directed
acyclic graphs.”

® Instance: a specific case of a problem, e.g., “the shortest-path problem
in a specific graph, between two given vertices.”

® Optimization problems: those finding a legal configuration such that its
cost is minimum (or gain is maximum).

— Minimum Spanning Tree: Given a graph G=(V, E), find the cost of a
minimum spanning tree of G.

® Aninstance / = (F, c) where
— Fis the set of feasible solutions, and

— cis acost function, assigning a cost value to each feasible solutionc: F >R

® The solution of the optimization problem is the feasible solution
with optimal (minimal/maximal) cost

e c.f., Optimal solutions/costs, optimal (exact) algorithms (Attn: optimal # exact
in the theoretic computer science community).

Exact vs approximate
c.f.: compare
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Min
Spanning
Tree
(MST)

A planar graph and its minimum spanning tree.
Each edge is labeled with its weight, which here is
roughly proportional to its length.
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Figure 1: RLC model of supply grid network

Multiple sources = given an instance pin, find LRP
(For TsingHua University only) (leaSt reSIStlve pathS)



The Traveling Salesman Problem (TSP)

® TSP: Given a set of cities and that distance between each
pair of cities, find the distance of a “minimum tour” starts
and ends at a given city and visits every city exactly once.

A greedy solution
(approximation)

(a) (b)
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Decision Problem

® Decision problems: problem that can only be answered with
((yesﬂ Or l(nO”

— MST: Given a graph G=(V, E) and a bound K, is there a spanning
tree with a cost at most K?

— TSP: Given a set of cities, distance between each pair of cities, and
a bound B, is there a route that starts and ends at a given city,
visits every city exactly once, and has total distance at most B?

e A decision problem 7/ has instances: | = (F, c, k)
— The set of instances for which the answer is “yes” is given by Y.

— A subtask of a decision problem is solution checking: given f € F,
checking whether the cost is less than k.

® Could apply binary search on decision problems to obtain
solutions to optimization problems.

® NP-completeness is associated with decision problems.
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The Circuit-Satisfiability Problem (Circuit-SAT)

® The Circuit-Satisfiability Problem (Circuit-SAT):
— Instance: A combinational circuit C composed of AND, OR, and
NOT gates.
— Question: Is there an assignment of Boolean values to the
inputs that makes the output of Cto be 17?
® A circuit is satisfiable if there exists a set of Boolean input
values that makes the output of the circuit to be 1

— Circuit (a) is satisfiable since <x,, x,, x;> =<1, 1, 0> makes the output
to be 1.

1 X
X
173 X j_>_L

X )

TERY - :
j ,—} X3—|>c 3

— |2 | D

||_||_||_n

X3D{>G

(a) satisfiable circuit (b) unsatisfiable circuit
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Complexity Class P

® Complexity class P contains those problems that can be solved
in polynomial time in the size of input.

— Input size: size of encoded “binary” strings.
— Edmonds: Problems in P are considered tractable.

® MSTisinP

® The computer concerned is a deterministic Turing machine

— Deterministic means that each step in a computation is
predictable.

— A Turing machine is a mathematical model of a universal
computer (any computation that needs polynomial time on a
Turing machine can also be performed in polynomial time on any
other machine).
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Complexity Class NP

® Suppose that solution checking for some problem can be done in
polynomial time on a deterministic machine  the problem can be
solved in polynomial time on a nondeterministic Turing machine.

— Nondeterministic: the machine makes a guess, e.g., the right one
(or the machine evaluates all possibilities in parallel).

® The class NP (Nondeterministic Polynomial): class of problems that
can be verified in polynomial time in the size of input.

— NP: class of problems that can be solved in polynomial time on a
nondeterministic machine.

® |sTSP € NP?
— Need to check a solution in polynomial time.
= Guess a tour.
= Check if the tour visits every city exactly once.
= Check if the tour returns to the start.
= Check if total distance < B.

— All can be done in O(n) time, so TSP € NP.
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SAT is the first problem that was proven to be NP-complete;
see Cook—Levin theorem.

This means that all problems in the complexity class NP, which
includes a wide range of natural decision and optimization
problems, are at most as difficult to solve as SAT.

NP-Hard Hardest
- Hard
NP = Medium
P ‘\‘ Easy
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https://en.wikipedia.org/wiki/NP-complete
https://en.wikipedia.org/wiki/Cook%E2%80%93Levin_theorem
https://en.wikipedia.org/wiki/NP_(complexity)

REmE L NmERSR - FMEiTHE 2 SNP-Complete :

1. "EE ., AEE2—ENPHE
2. FIBRINPREREZL O] LLADTMEE polynomial time RAEAI A AiE(E " 7

EJ”

A decision problem ¢ is NP-complete if:  Nttps://en.wikipedia.org/wiki/NP-
completeness#Formal_definition

1. Cis in NP, and

2. Every problem in NP is reducible to ¢ in polynomial time.[3!
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Why powerful?
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Polynomial-time Reduction

® Motivation: Let L, and L, be two decision problems. Suppose
algorithm A, can solve L,. Can we use A, to solve L,?

® Polynomial-time reduction ffrom L, to L,: L, <, L,

— freduces input for L, into an input for L, s.t. the reduced input is a
“yes” input for L, iff the original input is a “yes” input for L.

« L, <,L,if 3 polynomial-time computable function f: {0, 1}*— {0,
1}'st.xe L, ifffix) e L,, Vx e {0, 1}.

= L,isatleastas hard as L,.

® fis computable in polynomial time.

011"

1!

Unit 1A

10.1}*

A = Algorithm for L1

X LL? fyesina)

x f(x) fine Ly?
. -t F — - A, -
spet reduction o F % ;
for Ly Pl Jor L, Algorithm for L,
Ly <p iy
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answer for L2 on fix)
= answer for L1 on x
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Significance of Reduction

e Significance of L, <, L,:

— 1 polynomial-time algorithm for L, = 3 polynomial-time algorithm

forL,(L,e P=>1L, €P).

— A polynomial-time algorithm for L, = A ynomial-time algorithm

forL, (L, € P=>L, ¢ P).

¢ <, istransitive,i.e., L, <, L,and L, <L, = L, <, L, .

A - Algorithm for Ly

x E Ll? (ves/no)

x Fl S f(De Ly
— - T -
input — input 2
for L4 ; ?ggiﬁzz for L, Algorithm for L,
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I, 11,

instance transforma- |y Instance
/ tion f fl)
polynomial!
algorithm algorithm
for I1, for 11,
polynomial? polynomial?

Figure 4.4 The reduction of a problem IT; to a problem IT5.
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NP-Completeness

® An issue which is still unsettled:
Pc NP or P=NP?

® There is a strong belief that P # NP, due to the existence of
NP-complete problems.

® The class NP-complete (NPC):
— Developed by S. Cook and R. Karp in early 1970.

— All problems in NPC have the same degree of difficulty: Any
NPC problem can be solved in polynomial time  all problems
in NP can be solved in polynomial time.

NP if P #NP if P=NP

most likely @
case
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https://www.baeldung.com/cs/p-np-np-
complete-np-hard

NP-Hard Hardest

NP-hard

*K-means Clustering

*Traveling Salesman Problem, and
*Graph Coloring

Hard

NP-complete
*Traveling Salesman

NP = Macium *Knapsack, and
*Graph Coloring
P / 7| e *Satisfiability (SAT) problem
A NP
*Integer Factorization and

Fasy s P b *Graph Isomorphism

Medium — NP *All basic mathematical operations; addition, subtraction,

Hard — N'P-Complete divisiqn, muLtipLication
*Testing for primacy

Hardest —+ N'P-Hard *Hashtable lookup, string operations, sorting problems
*Shortest Path Algorithms; Djikstra, Bellman-Ford, Floyd-
Warshall
*Linear and Binary Search Algorithms for a given set of
numbers
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https://www.baeldung.com/java-hashmap-advanced
https://www.baeldung.com/java-string-performance
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https://www.baeldung.com/java-dijkstra
https://en.wikipedia.org/wiki/Bellman%E2%80%93Ford_algorithm
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https://en.wikipedia.org/wiki/Integer_factorization
https://en.wikipedia.org/wiki/Integer_factorization
https://en.wikipedia.org/wiki/Graph_isomorphism_problem
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https://en.wikipedia.org/wiki/Travelling_salesman_problem
https://en.wikipedia.org/wiki/Knapsack_problem
https://en.wikipedia.org/wiki/Graph_coloring
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https://www.baeldung.com/java-k-means-clustering-algorithm
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http://web.math.princeton.edu/math_alive/5/Notes2.pdf

P problems are quick to solve

NP problems are quick to verify but slow to solve

N P-Complete problems are also quick to verify, slow to solve and can be reduced to any other

N P-Complete problem

N P-Hard problems are slow to verify, slow to solve and can be reduced to any other NP problem

Example: Consider the optimization problem "find the length of
the shortest path in all the instances of the traveling salesman
problem.”

This is an optimization problem, not a decision problem. It is
NP-hard because, in particular, if we can solve it then we can
use that solution to solve the decision version of TSP, which is
NP-complete. And by definition of NP-complete, if we can solve
decision-TSP in polynomial time then we can solve any problem
in NP in polynomial time.
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What is difference between NP-complete and NP-hard?

NP-Complete problems are as hard as NP problems.

Difference between NP-Hard and NP-Complete:

NP-hard NP-Complete

To solve this problem, it do not have to be in | To solve this problem, it must be both NP
NP . and NP-hard problems.

Do not have to be a Decision problem. It is exclusively a Decision problem.

all decision

Unit 1A
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Proving NP-Completeness

® Five steps for proving that L is NP-complete:
1. Prove L € NP.
2. Select a known NP-complete problem L'.

3. Construct a reduction f transforming every instance of L' to an
instance of L.

. Prove that x e L'iff f(x) e Lfor all x € {0, 1}".
s. Prove that fis a polynomial-time transformation.

® \We have shown that TSP is NP-complete

A problem L
to be proved
NP-complete

A known f

NP-complete | >

problem L’ reduce

Unit 1A (Chang, Huanag, Li, Lin, Liu) CSR @ Tsinghua
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Polynomial-time Reduction

® The Hamiltonian Circuit Problem (HC)

— Instance: an undirected graph G = (V, E).
— Question: is there a cycle in G that includes every vertex exactly once?

® TSP (The Traveling Salesman Problem)

® How to show HC <, TSP?
1. Define a function f mapping any HC instance into a TSP instance, and
show that f can be computed in polynomial time.
2. Prove that G has an HC iff the reduced instance has a TSP tour with
distance < B (x € HC < f(x) € TSP).

Hamiltonian nonhamiltonian
Unit 1A A s 1 G g Lt Lt i) Uit 1o g g
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HC <, TSP: Step 1

1. Define a reduction function f for HC <, TSP.

— Given an arbitrary HC instance G = (V, E) with n vertices
o Create a set of n cities labeled with names in V.
e Assign distance between u and v

1, if{u,v) € F
d , — 3 . 3 H
(u, ) { Z’KII (u,v) € F.
e Setbound B =n. ~ Assign a big number, say 1M
— f can be computed in O(V?) time.

HC instance TSP instance

HC:<«1,5,2,3,4, 1> tour <1, 5, 2, 3, 4, 1> with
distance bound B = 5
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HC <, TSP: Step 2

2. G has an HC iff the reduced instance has a TSP with distance <
B.
— xe€ HC = f{x) € TSP.

— Suppose the HCis h=<v,, v,, ..., v,, v;>. Then, h is also a tour in the
transformed TSP instance.

— The distance of the tour h is n = B since there are n consecutive edges
in E, and so has distance 1 in f(x).

— Thus, f(x) € TSP (f(x) has a TSP tour with distance < B).

HC instance TSP instance

HC: «1.5.2.3.4, 1> tour <1, 5, 2,3, 4, 1> with
distance bound B =5
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HC <, TSP: Step 2 (cont’d)

2. G has an HC iff the reduced instance has a TSP with distance
<B.
— f(x) € TSP = x € HC.

— Suppose there is a TSP tour with distance < n = B. Let it be <v,,
Vo, weey V,, V>

— Since distance of the tour < n and there are n edges in the TSP
tour, the tour contains only edges in E.

— Thus, <v,, v,, ..., v,, v;>is a Hamiltonian cycle (x € HC).

HC instance TSP instance

HC: «1,5,2,3. 4, 1> tour <1, 5,2, 3.4, 1> with
distance bound B = 5
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HC = TSP

Create a complete graph,

Any graph A same # of nodes,
we wantto | <==) |edges with weight 1, if those
find a HC two nodes in A are adjacent;

Otherwise, big number.
Bound is set to N.
Then, find a TSP
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Is Hamiltonian Circuit NP-Complete?

Shall we try to prove TSP -> HC?

=0
®-C
-
cover
- (<
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NP-Completeness and NP-Hardness

® NP-completeness: worst-case analyses for decision problems.

® | is NP-complete if
— LeNP
— NP-Hard: L'< , L for every L' € NP.

e NP-hard: If L satisfies the 2" property, but not necessarily the 1
property, we say that L is NP-hard.

® Suppose L € NPC.
— If L € P, then there exists a polynomial-time algorithm for every L' € NP (i.e., P
= NP).
— If L ¢ P, then there exists no polynomial-time algorithm for any L' € NPC (i.e., P
# NP).
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P problems are quick to solve
NP problems are quick to verify but slow to solve

N P-Complete problems are also quick to verify, slow to solve and can be reduced to any other
N P-Complete problem
NP-Hard problems are slow to verify, slow to solve and can be reduced to any other NP problem

Studying algorithms is exciting.

It can be applied to lots of areas.

Down the road you can make a difference in the
environment/industry you are in.
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Coping with NP-hard problems

e Approximation algorithms
— Guarantee to be a fixed percentage away from the optimum.
— E.g., Min-Spanning-T for the minimum Steiner tree problem.
¢ Pseudo-polynomial time algorithms

— Has the form of a polynomial function for the complexity, but is not to
the problem size.

— E.g., O(nW) for the 0-1 knapsack problem.

® Restriction
— Work on some subset of the original problem.
— E.g., the longest path problem in directed acyclic graphs.

¢ Exhaustive search/Branch and bound
— Is feasible only when the problem size is small.

® Local search:
— Simulated annealing (hill climbing), genetic algorithms, etc.

® Heuristics: No guarantee of performance.
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0/1 Knapsack Problem

Given N items where each item has some weight and profit

associated with it and also given a bag with capacity W,

[i.e., the bag can hold at most W weight in it].

The task is to put the items into the bag such that the sum

of profits associated with them is the maximum possible.
 Anitemisinthe bag or not at all (0/1 problem.)

wl, pl
T
M~
w2, p2 W
max (sum (p))
w

wn, pn
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https://web.ntnu.edu.tw/~algo/KnapsackProblem.html

https://www.geeksforgeeks.org/0-1-knapsack-problem-dp-10/

(For TsingHua University only)


https://web.ntnu.edu.tw/~algo/KnapsackProblem.html
https://www.geeksforgeeks.org/0-1-knapsack-problem-dp-10/

Minimum Spanning Tree

A minimum spanning tree (MST) 2

or minimum weight spanning tree - r/\?*\'
IS a subset of the edges of a |
connected, edge-weighted
undirected graph that connects
all the vertices together, without

any cycles and with the minimum
possible total edge weight.

A planar graph and its minimum spanning tree. =

Each edge is labeled with its weight, which here is

Un|queneSS If eaCh edge haS a roughly proportional to its length.
distinct weight then there will be

only one, unigue minimum

spanning tree.
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1. Find the minimum spanning
tree for the graph below. What
is its total weight? (please
ignore direction)

The minimum spanning tree is

A second algorithm is Prim's algorithm, which shown below. Its total weight is 31.

was invented by Vojtéch Jarnik in 1930 and
rediscovered by Prim in 1957 and Dijkstra in
1959. Basically, it grows the MSpanningT (T)
one edge at a time. Initially, T contains an
arbitrary vertex. In each step, T is augmented
with a least-weight edge (x,y) such that x is
in Tand y is not yet in T. By the Cut property,
all edges added to T are in the MST. Its run-
time is either O(E log V) or O(E + V log V),
depending on the data-structures used.
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https://en.wikipedia.org/wiki/Prim%27s_algorithm
https://en.wikipedia.org/wiki/Vojt%C4%9Bch_Jarn%C3%ADk
https://en.wikipedia.org/wiki/Robert_C._Prim
https://en.wikipedia.org/wiki/Edsger_W._Dijkstra
https://en.wikipedia.org/wiki/Minimum_spanning_tree#Cut_property

https://en.wikipedia.org/wiki/Dijkstra%?27s algorithm

https://en.wikipedia.org/wiki/Minimum_spanning_tree#Algorithms

https://en.wikipedia.org/wiki/Prim%27s_algorithm
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https://en.wikipedia.org/wiki/Dijkstra%27s_algorithm
https://en.wikipedia.org/wiki/Minimum_spanning_tree#Algorithms
https://en.wikipedia.org/wiki/Prim%27s_algorithm

Search

IlInit 1A

(Chang, Huang, Li, Lin, Liu) CSR @ Tsinghua
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Backtracking Search - Exhaustive

Search stopped due to
visiting a city twice

Figure 5.3 An example traveling salesman problem instance.

5. General-purpose Methods for Combinatorial Optimization 59

fi = 9 - {70

fo = (E) [E)

fi = q (D) (F) B © (o @&

fa= P ® © ® ® © OO®LOED®

DDAV OOOROOOOOD  ©® " ©

o= ENGIGICICICIONOIC IO

f OO " ® ®® ®
2% 31 33 27 20 27 33 31 2 27

Figure 5.4 The search tree obtained by the exhaustive search backtracking algorithm for the
example of Figure 5.3.
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Another Stopping Criterion

IlInit 1A

The partial path total cost/distance is
>= current best cost found

(Chang, Huang, Li, Lin, Liu) CSR @ Tsinghua
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Exhaustive Search v.s. Branch and Bound

i P — &
® TSP example fo = G (E) (F)
NN XF) © B ® © O @

R RORBR RO RQDOBOOO
H=-EEOOEOOLOEEECOEOOD  GE  ©

H=-EEEO0E N TEEEEEO N & | ®
P OIOREO O TEe’ olo @
27 3L 33 237 20 27 33 3L 2D 237

Backtracking/exhaustive search

The modification of the
backtracking algorithm that
provides in killing partial
solutions is called branch-
and-bound

Branch and bound
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Exhaustive Search v.s. Branch and Bound

fi= @
® TSP example f = g& (E) F)

geleloleleleleielolololelelelelclegelo
-eee@e "OEEEEE ®e
F-EEE T E e T’ ol

27 3L 33 27 20 27 33 3L 20

Backtracki hausti h
What if some edge aCKlracC mg/ex austive sealC

weights are negative?

Some programs require the graph to be complete.
One way to “fool” them is to assign “infinite”
weight to the “missing” edges

Unit 1A (Chang, Huanag, Li, Lin, Liu) CSR @ Tsinghua
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3. Algorithmic Graph Theory and Computational Complexity

VI . 4NV2 ._ — V‘;

"2 o e3> V4 .__>€5 Vs
V3
v4 o——>e4 Vi3
VS

Depth first ’

P (a) (b)
search

Figure 3.9 A directed graph (a) and its adjacency-list representation (b).

dfs(vp)
— e1 = (v, v2) | dfs(v2)
— e3 = (v2, v4) | dfs(vs)
— e4 = (v4, v3) | dfs(v3)
— es5 = (v, vs) | dfs(vs)

— e = (v, v3)

Figure 3.10 The different steps of the depth-first search algorithm applied to the graph of
Figure 3.9(a).
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e €,

Vil e Vol e4—=pi V3
Vol o] i O [ €s Vs
\’3
V4| ol da{VI[X
Vs
(b)
Breadth first [ w | edges processed
search (v1) v1 | e1 = (v1, v2), €2 = (v, V3)
(v2, v3) vy | e3 = (v2, v4), 5 = (v2, V5)
(v3,v4,05) | V3 | -
(v4, v5) v4 | es = (va, v3)
(vs) vs | -

Figure 3.12 The different steps of the breadth-first search algorithm applied to the graph of
Figure 3.9(a).
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Algorithmic Paradigms

e Exhaustive search: Search the entire solution space.
e Branch and bound: A search technique with pruning.
e Greedy method: Pick a locally optimal solution at each step.

® Dynamic programming: Partition a problem into a collection of sub-
problems, the sub-problems are solved, and then the original problem is
solved by combining the solutions. (Applicable when the sub-problems
are NOT independent).

® Hierarchical approach: Divide-and-conquer.

® Mathematical programming: A system of solving an objective function
under constraints.

e Simulated annealing: An adaptive, iterative, non-deterministic algorithm
that allows “uphill” moves to escape from local optima.

® Tabu search: Similar to simulated annealing, but does not decrease the
chance of “uphill” moves throughout the search.

® Genetic algorithm: A population of solutions is stored and allowed to
evolve through successive generations via mutation, crossover, etc.

Unit 1A (Chang, Huang, Li. Lin, Liu) CSR @ Tsinghua 58



Dynamic Programming (DP) v.s. Divide-and-Conquer

® Both solve problems by combining the solutions to subproblems.
® Divide-and-conquer algorithms

— Partition a problem into independent subproblems, solve the

subproblems recursively, and then combine their solutions to solve
the original problem.

= Such as Quicksort (https://en.wikipedia.org/wiki/Quicksort )
— Inefficient if they solve the same subproblem more than once.
® Dynamic programming (DP)

— Applicable when the subproblems are not independent.

— DP solves each subproblem just once.
1.4
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https://en.wikipedia.org/wiki/Quicksort

https://www.youtube.com/watch?v=alsg]JYrIXk

Transportation example

- @ Example: transportation

Street with blocks numbered 1 to n.

Walking from s to s + 1 takes 1 minute.

Taking a magic tram from s to 2s takes 2 minutes.
How to travel from 1 to n in the least time?

® Backtracking search

® Depth first search

® Breadth first search

® Dynamic programming

® Uniform cost search

Unit 1A (Chang, Huang, Li. Lin, Liu) CSR @ Tsinghua 60


https://www.youtube.com/watch?v=aIsgJJYrlXk

Exploring Solution Space

e Say N=10 e Say N=20
®1,2,3,4,5,6,7,8,9,10 ©1,2,3,4,5,...,18, 19,20

\VAVAVAVAVAVAVAVAV, \VAVAVAVAVAVAVAVAV)

— Total minutes: 9 = (1+...+1) — Total minutes: 19 = (1+...+1)
1,248,910 1, 24,8, 16,17,18,19,20

\VAVAVAVAY, (VAVAViAV.VAVAVAVY

— Total minutes: 7 = (1+2+2+1+1) — Total: 13 =(1+2+2+2+1+1+1+1)
12345,10 1,2, 4 10,20

(PAVAV 0 V) UUGUG

— Total minutes: 6 = (1+1+1+1+2) — Total minutes: 8 =(1+2+1+2+2)
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Video For Backtracking Programming

https://www.youtube.com/watch?v=alsglJYrIXk

From time 18:10, talk about transportation problem

*Backtracking search: traverse tree, down to leaf level, evaluate all the choices -
exhaustive (from time: 23:20)

Backtracking search

[whiteboard: search tree]
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https://www.youtube.com/watch?v=aIsgJJYrlXk

Backtracking search

[whiteboard: search tree]
If b actions per state, maximum depth is D actions:
« Memory: O(D) (small)
» Time: O(b”) (huge) [2°° = 1125899906842624]

Backtracking search

- g Algorithm: backtracking search

def backtrackingSearch(s, path):
If IsSEnd(s): update minimum cost path

For each action a € Actions(s):
Extend path with Succ(s, a) and Cost (s, a)

Call backtrackingSearch(Succ(s, a), path)
Return minimum cost path
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Breadth First Search & Depth First Search
* BFS

5. General-purpose Methods for Combinatorial Optimization 59

f]:

= e DFS
5= @~""«'

= ©® B © ©® ® © B G © © 7:i© 5. General-purpose Methods for Combinatorial Optimization 59
90@9@@9@@09@@9@@@

weeeee clelolelolo o

OO TG ee o

27 3L 38 27 20, 27 33 31 20 27

Figure 5.4 The search tree obtained by the exhaustive search backtracking algorithm for the
example of Figure 5.3.

AlgoﬁH\"\S \ COSJ( \ -T\YML \ SP‘“” 27 31 3
%ka‘h MJC«B S \ M \ o (b‘b ) \ T Figure 5.4 The search tree obtained by the exhaustive search backtracking algorithm for the
£ O(D)

example of Figure 5.3.
DS | o | o) | o)
BFS 3 5| |
=2 | O(loé)\ O(L‘)

DFS cost=0 was given in this problem
d = solution depth
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Tree search algorithms

Legend: b actions/state, solution depth d, maximum depth D

Algorithm Action costs Space Time

Backtracking  any O(D) 0O(bP)
DFS zero O(D) 0O(@P)
BFS constant >0  O(p?¢) O(b?)
DFS-ID constant >0 O(d) O(b?)

« Always exponential time

« Avoid exponential space with DFS-ID

DFS on iterative deepening
with prefixed depth (kind of BFS)

https://www.geeksforgeeks.org/iterative-deepening-searchids-iterative-
deepening-depth-first-searchiddfs/
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https://www.geeksforgeeks.org/iterative-deepening-searchids-iterative-deepening-depth-first-searchiddfs/

Something We Notice

N

® From state-1to S, there are many possible ways. Once from a
path reaching S, we compute the cost from S to reach N, we can
save the result for S. Then, from a new path 1->S, we do not need
to recompute the cost from S->N
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Video For Dynamic Programming
https://www.youtube.com/watch?v=alsglJYrIXk

From time 50:57, dynamic programming starts

Maybe running python program ‘transl.py’
(can comment out recursion limit -> then, N=400 will fail)

Dynamic programming

- @ Example: transportation
Street with blocks numbered 1 to n. . :
Walking from s to s + 1 takes 1 minute. COSt(S a) a: action
: : : )
Taking a magic tram from s to 2s takes 2 minutes. :
How to travel from 1 to n in the least time? !
state s
[semi-live solution: TransportationProblem] FUtureCOSt (3, )
[end state]
68
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https://www.youtube.com/watch?v=aIsgJJYrlXk

Dynamic programming

kmms]
Cost(s, a)

[statle s'|
|
FutureCost(s’)

[end state]

Minimum cost path from state s to a end state:

0 if IsEnd(s)
mMin,e o ctions(s) [COSt(8, @) + FutureCost(Succ(s,a))] otherwise

FutureCost(s) = {

a: action Succ:
successor after
taking action a

1lnit 1A (Chang, Huanag, Li, Lin, Liu) CSR @ Tsinghua 69



def dynamicProgramming (problem):
cache = {} # state -> futureCost (state)

def futureCost(state):
# base case
if problem.isEnd (state):
return O

if state in cache: # exponential saving
return cache [state]

# acutally doing work
result = min (cost + futureCost (newState) \

for action, newState, cost in problem.succAndCost (state))

cache [state] = result
return result

return (futureCost (problem.startState()), [])

IlInit 1A (Chang, Huang, Li, Lin, Liu) CSR @ Tsinghua
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Dynamic Programming
Dynamic programming

State: i current city

Exponential saving in time and space!

-Q Key idea: state

A state is a summary of all the past actions sufficient to
choose future actions optimally.

Similar to causality

in control theory past actions (all cities) 1346

state (current city) 6

1lnit 1A (Chang, Huanag, Li, Lin, Liu) CSR @ Tsinghua /1



Video For Dynamic Programming

https://www.youtube.com/watch?v=alsgJJYrIXk

From time 50:57, it is DP

Maybe running python program ‘transl.py’

(can comment out recursion limit -> then, N=400 will fail)

- g Algorithm: dynamic programming

def DynamicProgramming(s):
If already computed for s, return cached answer.
If IsSEnd(s): return solution

For each action @ € Actions(s): ...

[semi-live solution: Dynamic Programming]

Tty Assumption: acyclicity

The state graph defined by Actions(s) and
Succ(s, a) is acyclic.
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Uniform cost search (UCS)

- g Algorithm: uniform cost search [Dijkstra, 1956]——

Add s, to frontier (priority queue)
Repeat until frontier is empty:
Remove s with smallest priority p from frontier

If ISEnd(s): return solution

Add s to explored
For each action @ € Actions(s):

Get successor s’ < Succ(s, a)

If s’ already in explored: continue
Update frontier with s’ and priority p + Cost(s, a)

(Chang, Huang, Li, Lin, Liu) CSR @ Tsinghua



7

E cs221.stanford.edul/q Q u eStl on

Suppose we want to travel from city 1 to city n (going only
forward) and back to ci only going backward). It costs
¢ij = 0 to go from 7 to 5. Which of the following algorithms
can be used to find the minimum cost path (select all that
apply)?

depth-first search

breadth-first search

dynamic programming

uniform cost search

activate| deactivate| [reset] [report

C8221 / Autumn 2019 / Lang & Sadigh

Stanford

Can not use DFS and BFS; But can use DP (just need to split
the problem into two: forward to city-n; back to city-1, even
though it kind of has loops)

Unit 1A (Chang, Huanag, Li, Lin, Liu) CSR @ Tsinghua
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Example: Bin Packing

® The Bin-Packing Problem I1: Items U = {u,, u,, ..., u,}, where u; is
of an integer size s; set B of bins, each with capacity b.

® Goal: Pack all items, minimizing # of bins used. (NP-hard!)

= *** il g W =50
tf b2 ud HH bi
bin b2
sz =4 b2
These are the Exp: b =6, E:: (1,4,2,1, 2, 3,5) 13
sizes of items, ——— i
not item’s KA I 3
index. p 2 > bk
Total 7 items 7 7 ol
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Example Applications

Historical Application

» Mix tapes

Loading trucks

ORIGINAL MOTION PICTURE SOUNDTRACK

IlInit 1A (Chang, Huanag, Li,



Algorithms for Bin Packing

= ul
i [T x| M
T

bin
size=h
—>
Exp:b =6, 8§=(1,4,2,1, 2,3,5)

wij = 5

hi

b2

optime:

[

5 bk

LM

o,

i i

® Greedy approximation alg.: First-Fit Decreasing (FFD)

— FFD(IT) € 11 OPT(IT)/9 + 4)
— Order the items from largest to smallest; then, take items 1-by-1 to
see which bin it can fit.

® Dynamic Programming? Hierarchical Approach? Genetic
Algorithm? ...

® Mathematical Programming: Use integer linear
programming (ILP) to find a solution using | B| bins, then

search for the smallest feasible | B]|.

Unit 1A (Chang, Huanag, Li, Lin, Liu) CSR @ Tsinghua
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First-Fit Decreasing

—
Exp:b=6 §=(1,4,2,1,2,3,5)

First, wesort > 5,4, 3,2,2,1, 1

Take the first one not yet assigned: 5 Bl1: 5] (1)

Next is 4; B2: 4 | (2)

Next: 3

Next: 2 = can go to Bin2 B3: 3| (3)

Next: 2 - can go to Bin3 B2: 4, 2 | (0)

Next: 1 = can go to Binl

Next: 1 & can go to Bin3 B3:3,2](1)
B1: 5,1 (0)

B3: 3,2, 1] (0)
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From Wikipedia

https://www.youtube.com/watch?v=gbuMPi44bVQ
Bin Packing Algorithms

® Online heuristics

— Next fit What if some items can not
— Next-k fit mixed in the same bin?

— First fit

— Best fit

— Worst fit

_ Almost worst fit Sometimes we can not sort
_ Refined first fit those items beforehand

e Offline heuristics

— Multiplicative approximation
= First fit decreasing
= Next fit decreasing
= Modified first fir decreasing

) " ...
Unit 1A (Chang, Huang, Li. Lin, Liu) CSR @ Tsinghua 81


https://www.youtube.com/watch?v=qbuMPi44bVQ

ILP Formulation for Bin Packing

® 0-1variable: x;=1 if item u; is placed in bin b, 0 otherwise.

M ax Z wijmij
(t,J)EE
subiect ta

Z Wiy < By, V3ER / * capacity conatraint /(1)

VicU
Z zi; = L1L,¥i€U [+assignment conatraint+ [ (2)
YJEB
Z Tig = 0 / # complatenesa canatraint « / (3)
i3
z; € {0,1} /+0, 1 conatrant« / (4)

How to guess the

® Step 1: Set |B| to the lower bound of the # of bins. R

® Step 2: Use the ILP to find a feasible solution.
® Step 3: If the solution exists, the # of bins required is | B|. Then exit.
® Step 4: Otherwise, set |B| < |B| + 1. Goto Step 2.
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Recap

® Go over how to reduce from one graph’s HC problem to TSP
® Describe minimum spanning tree algorithm
® Using a TSP problem to describe

— Exhaustive search, backtracking (BT), branch-and-bound
— Depth first, breadth first, dynamic programming (DP), uniform cost(UC)

® Using a transportation problem for the above BT, DP, UC

— Python codes is shown; welcome to study those codes

® Bin packing

Explaining hw
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